Abstract. In 2006, Elkies presented an elliptic curve with 28 independent rational points. We prove that subject to GRH, this curve has Mordell-Weil rank equal to 28 and analytic rank at most 28. We prove similar results for a previously unpublished curve of Elkies having rank 27.
Introduction
The celebrated Mordell-Weil theorem asserts that the group E(Q) of rational points on an elliptic curve defined over Q is finitely generated. Given a particular elliptic curve E over Q, one can eventually find a set of generators for E(Q), but there is no algorithm known unconditionally to certify that such a set spans E(Q), or even a finite index subgroup of E(Q). It also remains unknown whether the ranks of elliptic curves over Q are uniformly bounded.
As of this writing, the highest exhibited lower bound on the rank of an elliptic curve defined over Q is due to Noam Elkies [13] , who found the elliptic curve E 28 given by
together with 28 independent rational points on E 28 with infinite order. The main result of this paper is the following:
Theorem 1. Assume the Generalized Riemann Hypothesis (GRH). (i) The Mordell-Weil group E 28 (Q) is isomorphic to Z 28 . (ii)
The analytic rank of E 28 over Q is at most 28.
The result about the analytic rank is proved using a method of Bober [3] for bounding the analytic rank of an elliptic curve conditional on GRH for the Hasse-Weil L-function of E 28 . Booker and Dwyer proved the same result using slightly more sophisticated methods, but this result has not appeared in print (see Remark 1.2 in [3] ).
In contrast, the result about Mordell-Weil rank is proved using the classical method of 2-descent. We show that GRH implies the dimension of the 2-Selmer group Sel 2 (E 28 /Q) is exactly 28. This is a consequence of the following result: Part (i) is obtained by applying a result of Brumer and Kramer [6] , restated as Proposition 3.1 below, together with the lower bound on the rank of E 28 (Q) exhibited by Elkies. Part (ii) is the result of a large class group computation described in Sections 4 and 5.
In addition to E 28 , Elkies also shared with us the previously unpublished curve E 27 of rank at least 27 given by (2) A list of 27 independent points on E 27 (provided by Elkies) is included in Appendix B.
Using similar machinary as for E 28 , we prove the following results. To our knowledge, the 2-rank of Cl(K 27 ) is the largest known for a cubic field to have been proven under standard hypotheses. Similarly, the 2-rank of Cl(K 28 ) is the largest known for a totally real cubic field proven under standard hypotheses.
Theorem 3. Assume the Generalized Riemann Hypothesis (GRH). (i) The
We also include the following result concerning previous record holding elliptic curves. Each of these curves E r was the first exhibited elliptic curve over Q with Mordell-Weil rank at least r [12] . For each r ∈ {20, 21, 22, 23, 24}, Bober proved that GRH for the Hasse-Weil L-function of E r implies the analytic rank of E r is at most r [3] . Theorem 5 was obtained by computing the 2-rank of the class group of the cubic subfield of the two-division field Q(E r [2] ) for each E r and then applying Proposition 3.1. This is summarized in Appendix A.
Remark 1.1. The results in this paper depend on GRH in two different ways. Part ii of Theorem 1 requires GRH for the L-function L(s, E 28 ) of the elliptic curve E 28 . In all other instances, we use GRH as described in Section 4.2 to assert that Cl(K)/Cl(K) 2 is generated by primes below a particular bound. We therefore need to assert GRH for the zeta functions of a large but finite number of unramified quadratic extensions of K.
1.1. Data. Our computations use a variant of Buchmann's algorithm which is similar to the number field sieve. As detailed in Section 4, this algorithm proceeds by collecting relations for Cl(K)/Cl(K) 2 supported on primes below a certain bound. We have made these relations available at https://github.com/zevklagsbrun/ElkiesCurve, so the enterprising reader can verify our results.
1.2. Acknowledgements. We would like to express our thanks to Noam Elkies for sharing the curve E 27 with us and for providing a number of helpful suggestions along the way. We would also like to thank Jonathan Bober for sharing the results of Booker and Dwyer with us.
Bounding Analytic Ranks
One way to get conditional upper bounds on the Mordell-Weil rank of an elliptic curve over Q involves the study of the Hasse-Weil L-function L(s, E).
The modularity theorem [5] relates L(s, E) to the Mellin transform of a certain weight 2 modular form for Γ 0 (N) where N = N(E) is the conductor of E. This implies L(s, E) has an analytic continuation and that the completed L-function Λ(s,
is the analytically normalized L-function, so that the functional equation is symmetric about the critical line ℜ(s) = 1/2.
Define the analytic rank of E by r an (E) = ord s=1/2 L(E, s). The functional equation implies ǫ(E) = (−1)
ran(E) . The Birch and Swinnerton-Dyer rank conjecture (BSD) asserts that r an (E) is equal to the rank of the Mordell-Weil group E(Q).
In [3] , Bober describes a way to compute conditional upper bounds on r an (E) subject to GRH for L(s, E). The main tool used is the explicit formula [3, Lemma 2.1] expressing the γ f (γ) of values of a test function f as s = 1/2 + iγ ranges over the zeros of L(s, E). This is a natural analogue of Weil's formulation of the Riemann-von Mangoldt formula for ζ(s). The terms in the explicit formula are easy to compute for test functions chosen from the parametrized Fejér kernel
is a conditional upper bound for r an (E). The explicit formula lets us express this bound as a sum of three more easily understood terms.
Proposition 2.1 (Bober [3] ). Let E be an elliptic curve over Q of conductor N(E) and let ∆ ≥ 1 be a real number. For each prime p, choose a factorization
the archimedean term
and the conductor term
As s = 1/2 + iγ ranges over the zeros of L(s, E), we have
Proof. This is [3, Equation 3] Each term on the righthand side of equation (8) can be computed to high precision. To compute the arithmetic term, one must compute the local factors L p (s, E) for p ≤ exp(2∆π). For ∆ ≤ 4.41, this can be done efficiently with Andrew Sutherland's smalljac package. Simon Spicer observed that the archimedean term has the closed form
in terms of the Euler-Mascheroni constant η ≈ 0.57721566 and the dilogarithm function dilog(x) = n≥1 x n /n 2 . We may therefore effectively compute upper bounds for r an (E) conditional only on GRH for L(s, E). This functionality is implemented in the SageMath [20] software package via the command analytic_rank_upper_bound.
Proof of part (ii) of Theorem 1:
Using the Sage (version 7.1) implementation of Bober's method with a tightness parameter of ∆ = 4, we found that r an (E 28 ) ≤ γ f 4 (γ) < 30. Since E 28 has root number +1, r an (E 28 ) must be even and as a result, E 28 has analytic rank at most 28. This computation took approximately 40 hours on an Intel i7 processor. (We found that the runtime was significantly improved by passing a list of bad primes of E 28 to analytic_rank_upper_bound and setting the flag adaptive to false.)
Proof of part (ii) of Theorem 3:
We used Bober's method as above but with a tightness parameter of ∆ = 3.1. We found that r an (E 27 ) ≤ γ f 3.1 (γ) < 29. Since E 27 has root number −1, r an (E 27 ) must be odd and as a result, E 27 has analytic rank at most 27. This computation took approximately three minutes on an Intel i7 processor.
The 2-Selmer Group
One of the most common methods for obtaining an upper bound on the Mordell-Weil rank of E is studying the 2-Selmer group Sel 2 (E/Q) of E. We briefly recall the definition and some important properties here and refer the reader to Chapter X of [19] for a more details.
If E is an elliptic curve defined over Q, then E(Q)/2E(Q) maps into H 1 (Q, E [2] ) via the Kummer map δ. The following diagram commutes for every place v of Q, where δ v is the local Kummer map.
The 2-Selmer group of E/Q, denoted Sel 2 (E/Q), is defined as
This group has the structure of a finite dimensional F 2 vector space and it sits in the exact sequence [2] . Unlike the rank of E(Q), dim F 2 Sel 2 (E/Q) is known to be computable. Computing Sel 2 (E/Q) gives an upper bound on the rank of E(Q). Often X(E/Q) [2] is trivial, in which case this bound is sharp.
3.1. The Brumer-Kramer Bound. In [6] , Brumer and Kramer study the structure of the cohomology group H 1 (Q, E [2] ) and of the images of
By doing so, they obtain an upper bound on dim F 2 Sel 2 (E/Q) in terms of the 2-rank of the class group of the cubic subfield of Q(E [2] ) and information about the places where E has bad reduction. To state their result, we need to first introduce some notation.
Let ∆ be the discriminant of E and set Φ m to be the set of primes p at which E has multiplicative reduction and ord p ∆ is even. Set Φ a to be the set of primes at which E has additive reduction, and for each p ∈ Φ a , let n p be the number of primes of K lying above p, where K is the cubic subfield of the 2-division field of E. We then define
Proposition 3.1 (Brumer and Kramer [6] ). With notation as above, we have
Proof. This is [6, Prop. 7.1].
We are now is a position to prove the lower bound from Theorem 2.
Proof of Theorem 2 -part (i).
Since the rank of E 28 (Q) is at least 28, applying Proposition 3.1 to E 28 gives
The arithmetic term g(E 28 ) is the 2-rank of the ideal class group of the cubic subfield K 28 of Q(E 28 [2] ). Since ∆(E 28 ) > 0, we have u(E 28 ) = 2. Computing local information about E 28 , we find that Φ m = {5, 7, 11, 13}, Φ a = {3}, and the prime 3 splits completely in K 28 . This gives the conductor term n(E 28 ) = 4 + (3 − 1) = 6. Combining this information with inequality (11), we get dim
To compute an upper bound on dim F 2 Sel 2 (E 28 /Q), we need to bound g(E 28 ) = dim F 2 Cl(K 28 ) [2] . The method we use to bound dim F 2 Cl(K 28 ) [2] is based on an algorithm of Buchmann et al. in [7] that is inspired by the number field sieve. While Buchmann's algorithm is able to compute the exact structure of Cl(K) subject to GRH for a general number field K, we are able to take a few shortcuts that simplify the algorithm since K 28 is a cubic field and because we are only concerned with dim F 2 Cl(K 28 ) [2] . We describe our variant of Buchmann's algorithm below.
A Presentation for Cl(K).
We start with a factor base P of degree one prime ideals of O K (including ramified prime ideals with residue class field degree equal to one) with norm less than a bound B. The factor base P will serve as a generating set for the class group Cl(K).
To compute a presentation for Cl(K), we need relations supported on P. Relations are given by principal ideals (β) such that N K/Q β is B-smooth and (β) factors as a product of primes in P.
Factoring these relations as
we obtain a matrix M with entries in Z. Assuming that P is large enough and M contains enough relations, the structure of Cl(K) can then be read off from the Hermite normal form (HNF) of M.
Computing the HNF of a large matrix is difficult because it requires doing a large integral linear algebra computation. However, since we are only interested in computing the size of
2 , we can take the coefficients of this matrix to be in F 2 instead. In this case, the dimension of the right nullspace of this F 2 -matrix is an upper bound for the dimension of the subspace of Cl(K)/Cl(K) 2 generated by the primes in P.
4.2.
The Size of the Factor Base P. By a result of Bach [1] , if GRH holds, then Cl(K) is generated by the primes of K with norm less than 12(log d(K)) 2 (the "Bach bound") where d(K) is the discriminant of O K . Subsequent work by Belabas, Diaz y Diaz, and Friedman [2] gives an alternative and less explicit bound B K (the "Belabas bound") such that if GRH holds, then Cl(K) is generated by the primes of K with norm less than B K .
While the Belabas bound is asymptotically worse than the Bach bound, it is often quite a bit smaller than the Bach bound for fields of interest. We will therefore use the term "GRH bound" to refer to the smaller of the Bach bound and the Belabas bound for a particular field K. As long as P contains all the primes of K with norm less than the GRH bound, the rank of the nullspace of the relation matrix is an upper bound for dim F 2 Cl(K) [2] under GRH.
It is easy to see that if K is a cubic field, then the same result holds if P only contains all degree one primes of norm less than the GRH bound. If p is a degree 3 prime, then p is automatically principal and need not be included in P. If p is a degree two prime of O K lying above a rational prime p, then there is a degree one prime p ′ such that pp ′ = (p [2] , it suffices to assume GRH for the zeta functions of all unramified quadratic extensions of K.
Provable Lower Bounds.
Having chosen a suitably large factor base P as described in Section 4.2, the presentation in Section 4.1 can be used to get an upper bound on dim F 2 Cl(K) [2] subject to GRH. We now describe a method to use the presentation matrix M described in Section 4.1 to produce an unconditional lower bound for dim F 2 Cl(K) [2] .
In the event that this unconditional lower bound matches the conditional upper bound, we obtain an exact value for dim F 2 Cl(K) [2] subject to GRH. Following Section 5 of [8] , we define the 2-Selmer group of the field K, denoted
It is easy to see that left nullvectors of the presentation matrix M in Section 4.1 yield representatives of elements in Sel 2 (K). The Selmer group Sel 2 (K) sits in the exact sequence
2 is known to be isomorphic to (Z/2Z) r 1 +r 2 , and as a result, we have dim
. Therefore, by producing r independent elements of Sel 2 (K), we are able to prove that dim F 2 Cl(K) [2] ≥ r − (r 1 + r 2 ).
As noted above, left nullvectors of the presentation matrix M give elements of Sel 2 (K). Supposing that we have found r such elements β 1 , β 2 , . . . , β r , we need to show that they represent independent elements of K × /(K × ) 2 . This can be accomplished by finding prime ideals p 1 , p 2 , . . . , p r ∈ P such that the matrix (χ p i (β j )) has rank r, where χ p i is the additive Legendre character on O K /p i .
Constructing Relations.
While the smooth relations (β) described in Section 4.1 need not be constructed in any particular way, there is a computationally efficient method for constructing them based on the number field sieve factoring algorithm [15] . We now describe the basic idea behind sieving.
Letting f (x) be any defining polynomial for K and α be a root of f (x). Suppose that p is a prime ideal of O K given by a rational prime p and a root r of f (x) (mod p). We can then see that p divides a + bα if r ≡ −ab −1 (mod p). Therefore, we may identify all a + bα in a large range −A ≤ a ≤ A and 1 ≤ b ≤ B such that p divides a + bα.
Doing this for all of the primes p ∈ P, we may identify all a + bα with −A ≤ a ≤ A and 1 ≤ b ≤ B such that a + bα is divisible by many different primes p in P and therefore more likely to factor completely in terms of primes in P. After identifying many candidate a + bα, we may apply trial division (or any other factoring algorithm) to discover which (a + bα) factor entirely in P.
Choosing Parameters
Constructing relations requires choosing three parameters: the polynomial f (x) defining K, a factor base bound B, and a sieve region [−A, A] × [1, B]. We now describe how to choose these parameters with a focus on the field K 28 .
5.1.
Choosing the Polynomial. If K is a cubic field, then we can always find a cubic polynomial f (x) defining K such that the discriminant ∆(f ) of f (x) is equal to the discriminant ∆ O K of O K . This polynomial f (x) is unique up to the action of GL 2 (Z). By applying Julia reduction to f (x) (see [10, Algorithm 1]), we can obtain what is in some sense the smallest polynomial defining K.
For the field K 28 , this reduced polynomial is given by
5.2.
Choosing the Factor Base Bound. Section 4.2 addresses how small the factor base bound B may be. However, choosing the smallest possible B makes it less likely that an element a + bα of a given size will be smooth. While choosing a larger bound B will make it easier to find relations, it will make follow-on linear algebra work harder since the size of the matrix M will increase. Our primary goal in choosing a factor base bound was that the resulting matrix could be processed in magma. For K 28 , a natural touchstone was the Bach bound of 1, 202, 639, which gave us a factor base P containing 93, 121 primes.
Choosing a Sieve Region. In order to choose a sieve region
, we need to consider two things -how large our sieve region should be (that is, 2 · A · B) and how skew that region should be (that is, A/B).
Skewness. Let F (X, Y ) be the homogenization of f (x).
The norm Norm(a + bα) is given by
where c 3 (f ) is the leading coefficient of f (x). Assuming that all primes dividing c 3 (f ) are in P and that P contains all of the primes dividing (α), then (a + bα) factors completely in P if and only if F (a, −b) is B-smooth. Therefore, the likelihood that the ideal generated by a + bα for a random (a, b) in A factors completely in P is given by the probability that F (a, −b) is B-smooth for a random (a, b) ∈ A. To first approximation, this probability is determined by the size of |F (a, −b)|.
Rather than attempt to understand how the size of |F (a, −b)| is distributed on A, we may simply consider the maximum of |F (a, −b)| on the boundary of A. To do so, we consider the individual terms of F (X, Y ), which attain their maximum (in absolute value) of |c i |A i B
3−i
at the point (A, B) , where c i is the coefficient of (S − 42.25) bits in size.
Smoothness Probabilities.
We now must consider how large of a sieve region to use. In order to produce enough relations, we need 1
We therefore need to estimate the probability that F (a, −b) is B-smooth when (a, b) is chosen randomly from A. Let ρ(u) denote Dickman's rho function. If n is a random number of size C, then standard results tell us that the probability that n is B-smooth can be approximated by ρ log C log B as long as B ≥ (log C) 2+ǫ (assuming GRH) [14] . However, if n = F (a, −b) is a random value of F (X, Y ), then the probability that n is a B-smooth is affected by a parameter known as α = α(F ) which takes into account the modular root properties of F (X, Y ) [17] . Assuming that n has size C, the probability that n is B-smooth is equal to the probability that a random number of size Cα is smooth. We may therefore approximate the probability that n is smooth by ρ log C+log α log B
. For our polynomial F (X, Y ), magma tells us that α ≈ −2 1.9 . Assuming that S = 42.25 + 0.25 · k, then using shells of radius 0.25, we estimate that the number of relations for a sieve region of size S is given by
Relation Estimates
1 ζ(2) k i=0 β(k)ρ 176.5 + α + 3 2 (0.25k) log 2 B = 1 ζ(2) k i=0 β(k)ρ 174.6 + 3k 8
,
where β(k) = 2 42.25
Estimates for several values of S are given 47 . We found 133, 637 relations, which is in line with the prediction in Table 1 . We were able to augment these with 15, 518 relations coming from rational primes p that split completely in O K (that is, relations of the form p + 0 · α).
Unsurprisingly, there were a small number of primes in P that did not appear in any relation. However, all of these primes had norm greater than the Belabas bound of 200, 439, so we were able to safely remove them from P.
However, when we reduced the entries of the relation matrix into F 2 , we discovered that the columns for the degree one primes p 7 and p 13 above 7 and 13 were identically zero. Further inspection revealed that since ord p 7 α = −2, we had ord p 7 a + bα = −2 for all relations a + bα. The same held true for p 13 . We were able to remedy this by sieving for a small number of relations of the form a + 7α and a + 13α and including these. (A degree one prime above 17 would have exhibited the same phenomenon had we not included the rational relation 17 + 0 · α.) Upon computing the right nullspace of our relation matrix, we discovered that there were a small number of low-weight vectors that seemed spurious. These corresponded to primes (all above the Belabas bound) that did not appear in enough relations. By removing the relations incident on these primes, we were able to remove the primes from our factor base. A second nullspace computation showed that the nullity of the modified relation matrix was in fact 20, proving Part (ii) of Theorem 2: if GRH holds, then the 2-rank of Cl(K 28 ) is exactly 20.
The dominant portion of the computation was the sieving step. Since the NFS functionality built into magma did not support our chosen sieve region, we wrote speciality C code to handle the sieving. The sieve portion of the computation took roughly 14.5 core days on a cluster composed of Intel 2.6 GHz processors. The linear algebra portion of the computation was completed on a single instance of magma running on a desktop. This portion of the computation took roughly 15 minutes and used under 16 GB of memory. Now we prove the remaining part of Theorem 1.
Proof of Theorem 1 -part (i).
We have shown that if GRH holds, then g(
is at most 20. Combining Proposition 3.1 with Elkies's lower bound on the rank of E 28 (Q) and part (ii) of Theorem 2, we get
Hence GRH implies the rank of E 28 (Q) is exactly 28. Since E 28 (Q) tors is trivial, we conclude that E 28 (Q) ≃ Z 28 subject to GRH.
5.5.
Computation for K 27 . We used the same considerations described in Sections 5.1 -5.3 to choose parameters for K 27 .
The appropriately minimized and reduced polynomial for K 27 is given by
The relative size of the coefficients of f (x) suggest that we should use a skewness of s = 2 26.625 . To choose the factor base bound B, we first considered the Belabas bound B B which magma says is equal to 143, 829. However, a back of the envelope calculation showed that finding relations with this bound would be particularly difficult, and that choosing B = 4·B B would be more effective. This resulted in a factor base with 47, 063 primes.
Using the method described in Section 5. . Sieving this region yielded 54, 597 relations which we augmented with an additional 7, 817 relations coming from rational primes.
As was the case for K 28 , the initial right nullspace computation produced a small number of low-weight vectors. After removing the corresponding columns and the rows incident on them (as well as the empty columns), we were left with a 62, 370 × 46, 513 matrix M. As all of the columns removed corresponded to primes above the Belabas bound, this did not affect the integrity of our computation. A computation in magma then showed that the right nullspace of M had dimension 22, and as a result Cl(K 27 ) ≤ 22 subject to GRH.
Taking the submatrix of M consisting of the first 45, 325 rows, we obtained a matrix with a 32-dimensional left nullspace. Using the technique described at the end of Section 4.3, we were able to show that this nullspace contained 24 independent elements of K × /(K × ) 2 . As K 27 has one real and one complex place, this proves that dim F 2 Cl(K 27 )[2] ≥ 22 unconditionally. Combined with the upper bound computed above, we therefore get that Cl(K 27 ) ≤ 22 subject to GRH. This proves Theorem 4. Now we prove the remaining part of Theorem 3.
Proof of Theorem 3 -part (i).
We begin by appealing to Proposition 3.1 which shows that dim F 2 Sel 2 (E 27 /Q) ≤ 28 subject to GRH. However, the root number ǫ(E 27 ) is equal to −1, and therefore by Theorem 1.4 in [11] , we know that dim F 2 Sel 2 (E 27 /Q) is odd. Combined with the fact that E 27 is known to have at least 27 independent points, this shows that subject to GRH, dim F 2 Sel 2 (E 27 /Q) and therefore the rank of E 27 are equal to 27.
Appendix A. Proof of Theorem 5
Theorem 5 is proved in a manner similar to part (i) of Theorem 1, where bounding the 2-rank of the class group of a cubic field was essential. We found that the existing sieving machinery in magma was sufficient to determine the 2-Selmer ranks dim F 2 Sel 2 (E r /Q) subject to GRH for r ∈ {20, 21, 22, 23, 24}. As was the case for K 28 , we use Julia reduction of binary cubic forms to find small defining polynomials for the cubic subfields K r of Q(E r [2] ). These reduced defining polynomials are listed in Table 2 .
For each of the fields K r , we choose a factor base of degree one primes with norm below the Belabas bound described in Section 4.2. These bounds along with the Bach bound for each K r are given in Table 3 .
The sieving for the class groups of each K r was completed using the number field sieve machinery implemented in magma under the NFSProcess command. Each sieve problem Table 3 . Primes Bounds for K r was sufficiently small that it could be run overnight on a single CPU. The sieve jobs were all sufficiently small that we did not make any attempt to choose optimal (or even particularly good) sieve regions. Table 4 gives the upper bound for g(E r ) = dim F 2 Cl(K r ) [2] for each K r , along with the values of all of the terms appearing in Proposition 3.1 and the global root number ǫ(E r ) for each of the curves E r in Theorem 5.
Proof of Theorem 5. The second column in Table 4 gives upper bounds on the 2-ranks of the class group Cl(K r ) conditional on GRH. The upper bounds on dim F 2 Sel 2 (E r /Q) are obtained by combining Proposition 3.1 with a result of Dokchitser and Dokchitser [11, Theorem 1.4] , which ensures that ǫ(E) = (−1)
s(E) in terms of the difference s(E) = dim F 2 Sel 2 (E/Q) − dim F 2 E(Q) [2] . In each case, we see that GRH implies the 2-Selmer rank dim F 2 Sel 2 (E r /Q) is at most r. Since each curve E r is known to have trivial torsion subgroup and Mordell-Weil rank at least r, we conclude that E r (Q) ≃ Z r subject to GRH. The following is a list of 27 independent points on the elliptic curve E 27 given by equation (2) above:
